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Demonstration of a Controlled-Phase Gate 
for Continuous- Variable One- Way Quantum Computation 
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We experimentally demonstrate a controlled-phase gate for continuous variables in a fully 
measurement-based fashion. In our scheme, the two independent input states of the gate, encoded 
in two optical modes, are teleported into a four-mode Gaussian cluster state. As a result, one of the 
entanglement links present in the initial cluster state appears in the two unmeasured output modes 
as the corresponding entangling gate acting on the input states. The genuine quantum character of 
this gate becomes manifest and is verified through the presence of entanglement at the output for a 
product two-mode coherent input state. By combining our controlled-phase gate with the recently 
reported module for universal single-mode Gaussian operations [R. Ukai et al., Phys. Rev. Lett. 106, 
240504 (2011)], it is possible to implement universal Gaussian operations on arbitrary multi-mode 
quantum optical states in form of a fully measurement-based one-way quantum computation. 



The one-way model of measurement-based quantum 
computation (QC) [1| is a fascinating alternative to the 
standard unitary-gate-based circuit model, for discrete- 
variable systems such as qubits as well as for continuous- 
variable (CV) encodings on quantized harmonic oscil- 
lators [jt^I- Such one-way computations are realized 
through single-qubit or single-mode measurements, and 
some outcome-dependent feedforward operations, on a 
pre-prepared multi-party entangled state, the so-called 
"cluster state" . By choosing an appropriate set of mea- 
surement bases on a sufficiently large cluster state, an 
arbitrary unitary operation can be implemented for the 
corresponding encoding. 

Towards CV QC, initially, a CV analogue to qubit clus- 
ter states was proposed [2|. Subsequently, the notion of 
an in-principle universality of CV one-way quantum com- 
putation was then proven, relying upon the asymptotic 
assumptions of sufficiently long measurement-based gate 
sequences [5j and perfectly squeezed optical cluster-state 
resources as well as the inclusion of at least one nonlin- 
ear, non-Gaussian measurement device [3|. Only shortly 
thereafter, by using squeezed vacuum states and beam 
splitters [6|], various cluster states were generated in the 
lab [71, |8[ . Among these was the four- mode linear cluster 
state which would allow to irnplement arbitrary single- 
mode Gaussian operations [9|, |lO|. However, in order to 
demonstrate such single-mode gate operations on arbi- 
trary input states, the input mode has to be attached 
to the cluster state. For a single quadratic gate, this can 
be accomplished using two squeezed-state ancillae, as de- 
scribed in Ref. llj. A much simpler and more general 



solution [10|, however, would employ a multi-mode mea- 
surement such as a Bell measurement, similar to standard 
CV quantum teleportation [12l |. By using a four-mode 
linear cluster state and a Bell-measurement-based input 
coupling, a typical set of single-mode Gaussian opera- 



tions such as squeezing and Fourier transformations was 
recently experimentally demonstrated [l3|. 

The final missing element towards implementing ar- 
bitrary multi-mode Gaussian transformations in a one- 
way fashion [lO| is a universal two-mode entangling gate. 
In fact, universal multi-mode operations (even including 
non-Gaussian ones) are, in an asymptotic sense, realiz- 
able when universal single-mode gates (including at least 
one non-Gaussian gate) are combined with any kind of 
quadratic (Gaussian) interaction gate [5[. More specif- 
ically, an arbitrary multi-mode Gaussian operation can 
be exactly recast as a finite decomposition into single- 
mode Gaussian gates and a quadratic (Gaussian) two- 
mode gate [a, |lO|, |lj, |l5[. The most natural and eas- 
ily implementable two-mode gate in this setting would 
be that corresponding to a vertical link between two in- 
dividual modes of a CV cluster state - the controlled- 
phase [Cz) gate [3|]. Very recently, Wang et al. reported 
an attempt to experimentally demonstrate this gate [16| . 
However, the cluster state in that experiment was not of 
sufficient quality in order to operate the gate as a genuine 
nonclassical entangling gate; in fact, the two-mode input 
quantum state was degraded by such a large excess noise 
that no entanglement at all was present at the output. 

In this paper, we demonstrate a CV cluster-based Cz 
gate operating in the quantum realm. In order to ver- 
ify its nonclassicality, we show that the two-mode output 
state is indeed entangled when the input state is a prod- 
uct of two single- mode coherent states. Furthermore, sev- 
eral manifestations of the general input-output relation 
of the gate are realized, using various distinct coherent 
states as the input of the gate. The resource state is a 
four-mode linear cluster state, as illustrated in Fig.[TJa). 
The two input coherent states are prepared indepen- 
dently of the cluster state and subsequently coupled to it 
through quantum teleportations. Note that a similar ex- 
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FIG. 1: (color online) (a) An abstract illustration of our ex- 
periment, (b) Input coupling through quantum teleportation 
for larger one-way quantum computations, (c) A schematic 
of our experimental setup. OPO: optical parametric oscilla- 
tor, LO: local oscillator for homodyne measurement, EOM; 
electro-optical modulator, HD: homodyne detection. Bell: 
Bell measurement. 



pcrimcnt in the qubit regime was reported recently J17J |. 
Our CV gate can be directly incorporated into a one- 
quantum computation of larger scale, see Fig. [Ijb) 
In particular, as noted above, when combined with 
universal single-mode gates, arbitrary multi-mode oper- 
ations are in principle realizable; and certain nonlinear 
multi-mode Hamiltonians such as a fairly strong two- 
mode cross-Kerr interaction (a universal entangling gate 
for photonic qubits [19| when effectively enhanced) would 
only require applying tens of quadratic and cubic single- 
mode gates, in addition to the two- mode Cz gate [20[. 

In the following, we shall use the canonical position 
and momentum operators, Xj and pj, where the subscript 
j denotes an optical mode and [xj,pk\ — ibj-kjl. The 
CV Cz gate corresponds to the unitary operator Czjk = 
^■^xjXk ^ith the input-output relation, \^f. = (5 f )^j 



•,jk^ 



where ^^j. = {xj,Pj,Xk,PkV , S = {%), and / is the 
2x2 identity matrix. 

We demonstrate this Cz gate by using a four-mode 
linear cluster state [C1-C2-C3-C4 in Fig. [^a)]. A CV 
cluster state is defined, in the ideal case, through its zero 
eigenvalues for certain linear combinations of the canoni- 
cal operators, pcj — J^k^N- ^Ck(= Sj). Here, Nj denotes 



the set of nearest-neighbor modes of mode j, when the 
state is represented by a graph, see Figs. [Ija-b). The 
four-mode linear cluster state can be interpreted as two 
Einstein-Podolsky-Rosen (EPR) pairs (C1-C2 and C3- 
C4) with a Cz interaction between them (C2-C3), up to 
local phase rotations. When two input states encoded 
in modes a and /? are teleported to modes C2 and C3, 
using the double instance of EPR states, the initial Cz 
interaction between the two EPR pairs is teleported onto 
the two input states [18|. 

Let us describe the above procedure for a non-ideal, 
finitely squeezed cluster state corresponding to non-zero 
variances for the operators Sj . When a four- mode linear 
cluster state is generated by using four finitely squeezed 
states and three beam splitters as in Fig. [He), the 
excess noises are as follows. Si = ^/2e~^p\ , 82 = 



.e pg ^e P4 , 03 - ^e p^ ^^e 



^pf\ 



p, is the squeezed 



and (54 = —y/2e~^p\^ , where e" j^ 
quadrature of the j-th squeezed state. Here, we assume 
identical squeezing levels with parameter r for simplicity. 
Note that the limit r — >■ oo corresponds to an ideal cluster 
state. Two pairs of modes, (a, CI) and {f3, C4), are then 
subject to Bell measurements. For this purpose, four ob- 
servables, Pa — xci,Xa —pciiPfi — xca, and xp —pcA are 
measured, giving the measurement results ta, ti, i^, and 
t4, respectively. Then the corresponding feedforward op- 
erations Xc2{ti)Zc2{ta + ti)Xc^{t4)Zc'i{tii+ti) are per- 
formed on modes C2 and C3, where Xj{s) = 6"^'"^^ and 
Zj{s) = e^**^J are the position and momentum displace- 
ment operators. The resulting position and momentum 
operators of modes C2 and C3 at the output, labeled by 
/i and I/, can then be written as. 



^tiu 



I S 
S I 



L 



p 



(1) 



This completes the Cz operation. Here, S = {—5i, —S4 + 
S2,—S4,—5i + Ss)'^ represents the excess noise of our 
Cz gate. In the ideal case with r — > 00, the noise 
term S vanishes and a perfect Cz operation is achieved. 
As the Cz gate is an entangling gate, the presence of 
entanglement at the output for a product input state 
(in spite of the excess noise 6) is crucial to prove the 
nonclassicality of our gate implementation. A suffi- 
cient condition for inseparability of a two-mode state is 
- Xy)) -f- (A^(gpy — x^)) < g for some 5 € K 
-23[. We will show that this inequality is satisfied 
at the output for a two- mode vacuum input. In our 
case, g = 3/4 gives the minimal resource requirement, 
e"^'" < 2/5, corresponding to approximately —4.0 dB 
squeezing. 

A schematic of our experimental setup is illustrated 
in Fig. W[c). The light source is a continuous- wave 
Tiisapphire laser with a wavelength of 860 nm and a 
power of 1.7 W. Four squeezed vacuum states are gener- 
ated by four optical parametric oscillators (OPOs). We 
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(b) Input: id-coh. (c) Input: pa-coh. (d) Input: X/j-coh. (e) Input: p^-coh. 



FIG. 2: (color) Powers at the outputs, (a) shows variances of the output quadratures for vacuum inputs. The black and red 
traces correspond to the shot noise levels (SNLs) and output quadratures, respectively. The green lines show the theoretical 
prediction when no resource squeezing is available, while the cyan traces show the theoretical prediction for an ideal Cz gate, 
(b), (c), (d), and (e) show the powers of the output quadratures where {{Xa:),{pa:},{xi3),{pi3)) are (a, 0,0,0), (0,a,0,0), (0,0,6,0), 
and (0,0,0,6), and where a and 6 correspond to 21.5 dB and 21.2 dB above the SNL, respectively. The blue lines show the 
theoretical prediction based on (a) and different input coherent amplitudes. Vac: vacuum state. Coh.: coherent state. 



employ the experimental techniques described in Refs. [g] 
and [2^ for the generation of the cluster state and the 
feedforward process, respectively. The resource squeezing 
is — 5 dB on average and the detectors' quantum efficien- 
cies are greater than 99%. The interference visibilities 
are 97% on average, while the propagation losses from 
the OPOs to the homodyne detectors are 3-10%. 

In the following, we show our experimental results. In 
Fig. [21 the input-output relation of our gate is investi- 
gated, using several coherent states for the input. In 
Fig. [3l the correlations at the output are determined, 
from which the presence of entanglement is verified. We 
use a spectrum analyzer to measure the power of the out- 
put quadratures. The measurement frequency is 1 MHz. 
The resolution and video bandwidths are 30 kHz and 300 
Hz, respectively. All data in Fig.[2]are averaged 20 times, 
while those in Fig. |3] are averaged 40 times. 

First, Fig. [JJa) shows the variances of the output 
quadratures when the two inputs are each in a vacuum 
state. In the case of the ideal Cz gate, the variances of x^ 
and Xi, remain unchanged and thus are equal to the shot 
noise level (SNL), while those of p^ and p^, are 3 dB above 
the SNL (two times the SNL) as shown by the cyan lines. 
When the resource squeezing is finite, the output states 
are degraded by excess noise. We show as a reference the 
theoretical prediction for a vacuum resource [r = in 
Eq. ([1])] by green lines, where the variances of i^ and Xi, 
are 4.8 dB above the SNL (three times the SNL), while 
those of Pfi and p„ 7.0 dB above the SNL (five times 
the SNL). The experimental results of (A^x^), (A^p^), 
(A^ij,), and (A^pi,), shown by the red traces, are be- 
low the green lines due to the finite resource squeezing. 
These correspond to 2.4 dB, 4.6 dB, 2.2 dB, and 4.6 dB 
above the SNL, respectively. These results arc consistent 
with the resource squeezing level of —5 dB, which leads 
to 2.1 dB for x^, x^, and 4.7 dB for p^, py above the SNL. 

In order to verify the general input-output relations, we 
employ coherent input states [Figs. [2Jb-e)]. The powers 



of the amplitude quadratures are measured in advance, 
corresponding to 21.5 dB for mode a and 21.2 dB for 
mode p. respectively, compared to the SNL. 

Fig. Hfb) shows the powers of the output quadratures 
as red traces when the input a is in a coherent state with 
a nonzero amplitude only in the Xa quadrature; the input 
P is in a vacuum state. We observe an increase in powers 
of x^ and Pi, caused by the nonzero coherent amplitude. 
On the other hand, p^ and Xu are not changed compared 
to the case of two vacuum inputs. In the same figure, the 
theoretical prediction is shown by blue lines. Clearly, the 
experimental results are in agreement with the theory. 
Similarly, Figs. [2][c-e) show the results with a nonzero 
coherent amplitude in the p^, x^, and p^ quadratures, 
respectively. We see the expected feature of the Cz gate 
that the quadratures in modes a and j3 are transmit- 
ted to modes p and v with unity gain and Xa and xp 
arc transferred to p^ and p^. We believe that the small 
discrepancies between our experimental results and the 
theoretical predictions are caused by propagation losses 
and imperfect visibilities. 

For assessing the entanglement at the output, we use 
two input states in the vacuum. The two homodyne 
signals are added electronically with a ratio of g^ : 1 
and 1 : g^ in power, by which {'A^(gp^ — x^)\ and 
(A^(gp^ — Xf^)) are measured. 

Fig. ^ia) shows the theoretical and experimental re- 
sults for (A^(5p^ — iv)) + {^^{gPv — S:fi)) with several 
gains g. The sufficient condition for entanglement is that 
(A^(gp^ ~ Xiy)) + {A'^{gpi, — i;^)) is less than g, shown 
by line (iv), for some g & R. When g = 0.63, 0.75, 
and 0.89, this criterion is satisfied in the experiment. 
The results without and with resource squeezing roughly 
coincide with the theoretical curves (i) and (ii), respec- 
tively. In particular. Figs. El^b-c) show the results for 
the optimal gain g ~ 3/4. Traces (vi) show the refer- 
ence for normalization when the two homodyne inputs 
are vacuum states. These levels correspond to 1 + g^ 
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property of the Cz gate. In combination with our recent 
work on the experimental demonstration of single-mode 
Gaussian operations, all components for universal multi- 
mode Gaussian operations are now available in a one- 
way configuration. The quality of our Cz gate is only 
limited by the squeezing level of the resource state, and 
the recently reported, higher levels of squeezing [251, l26[ 
would even allow to realize multi-step multi-mode one- 
way quantum computations. To achieve full universality 
when processing arbitrary multi-mode quantum optical 
states, the only missing ingredient is a single-mode non- 
Gaussian gate. 
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Japan, ASCR-JSPS, and SCOPE program of the MIC of 
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knowledges support from the Emmy Noethcr programme 
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FIG. 3: (color online) Entanglement at the output, (a) shows 
entanglement verification with several gains g. (i) without 
resource squeezing, (ii) with —5 dB resource squeezing, (iii) 
with infinite resource squeezing (the ideal case), (iv) suffi- 
cient condition for entangling, and (v) the reference variance 
when two homodyne inputs are vacuum states, (b) and (c) 
show the variances of (^A^{gp^ — a;^)) and (^A^{gpi, — a;^)) at 
g = 3/4, respectively. dB corresponds to the SNL. (vi) 
the reference where two homodyne inputs are vacuum states, 
(vii) the measurement results, and (viii) sufficient condition 
for entanglement. 



times the SNL. Traces (vii) show the measurement re- 
sults for (A^((7p^ — x^)) and (A^(gpj, — a;^)), which are 
-0.59 ± 0.02 dB and -0.50 ± 0.02 dB relative to traces 
(vi) , respectively. Note that the error in determining the 
SNL is included in the above errors. Lines (viii) show 
the sufRcient condition for entanglement, corresponding 
to the theoretical prediction with about —4.0 dB resource 
squeezing. The fact that traces (vii) are below lines (viii) 
proves that the output state is entangled. By normalizing 
the entanglement criterion, the obtained entanglement is 
quantified as follows. 
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Note that traces (vi), (vii), and line (viii) correspond 
to curves (v), (ii), and line (iv) at g = 3/4, respectively. 

In conclusion, we have experimentally demonstrated 
a fully cluster-based Cz gate for continuous variables. 
In our scheme, the two-mode input state was coupled 
to a four-mode resource cluster state through quantum 
teleportations. For a product input state, entanglement 
at the output was clearly observed, verifying the essential 
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